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Motivation

PDEs (e.g., Advection-Diffusion) are often
high-dimensional and expensive to solve for
many parameter variations.

Traditional Reduced-Order Models (ROMs)
(e.g., POD) can reduce computational cost, but
rely on linear bases.

Neural networks (autoencoders) provide
nonlinear dimension reduction, yet can be
“black-box.”
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Objective

Combine Convolutional Autoencoder (for
compression) and Symbolic Regression (for
interpretability):
to build a more efficient & interpretable ROM for
the 1D Advection-Diffusion equation.

Giulio Carpi Lapi & Abdou Wade Symbolic Regression Project M2 CSMI 3 / 25



Project Overview

Numerical PDE Simulation:

1D Advection-Diffusion with Gaussian initial
conditions.

Generate PDE snapshots over varying µ0, σ0.

Autoencoder:

Compress PDE solutions into a 2D latent space
(Conv1d).

Symbolic Decoder (SINDy):

Learn a sparse symbolic expression mapping the 2D
latent space back to u(x)
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Advection-Diffusion Equation

∂tu + a∂xu − D∂2
xu = 0 (1)

a: advection speed.

D: diffusion coefficient.

Context: fluid mechanics, heat transfer,
pollutant transport, etc.
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Gaussian Initial Condition

u(x , 0) =
1
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Analytical solution remains Gaussian: µ(t), σ(t)
evolve over time.

We solve numerically and store snapshots to
form our training dataset.
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Data Generation

Finite-Difference Scheme: Upwind for
advection, centered for diffusion, explicit
Euler in time.

Vary (µ0, σ0) over chosen sets.

Collect PDE solutions at discrete time intervals
→ forms a dictionary of simulations.
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Data generation: Plot

Figure: Time evolution of the advection-diffusion solution for µ0 = 0.3 and σ0 = 0.05 at selected
time points. [1]
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Convolutional Autoencoder

Encoder:

Conv1d layers reduce [1,Nx ] → [1, 2].

Decoder:

ConvTranspose1d layers expand
[1, 2] → [1,Nx ].

Training:

Loss = MSE(urecon, utrue).

Typically 100 epochs, Adam optimizer,
LR=10−3, batch size=16.
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Convolutional Autoencoder

Figure: Autoencoder convolutional neural network (CNN) structure. [2]
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Autoencoder Results: Loss Evolution

Figure: Training loss evolution for the autoencoder. [3]
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Autoencoder Results: Reconstruction Plots

Figure: Comparison: Ground truth PDE snapshot vs. autoencoder reconstruction. [4]
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Symbolic Decoder (SINDy)

Motivation: standard NN decoders are
black-box. We want a sparse, interpretable
formula.

Approach:
1 Map PDE snapshots → (z1, z2) with the trained
encoder.

2 Build a library Θ(z1, z2) (polynomials, sines, cosines,
exponentials).

3 L1-regularized regression:
minα ∥û −Θα∥2 + λ∥α∥1.

4 Prune small α → 0 → yields a sparse symbolic
expression.
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Symbolic Decoder Architecture

Encode PDE snapshots → Autoencoder → 2D
latent space.

Symbolic Decoder: û(xi) = Θ(z1, z2) · α.

Loss: MSE (utrue, û) + λ ∥α∥1.

Threshold: Zero out small coefficients.
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Symbolic Decoder Architecture

û(xi) = Θ(z1, z2)·α, Loss = MSE(utrue, û)+λ∥α∥1.

Each grid point xi has a separate set of
coefficients.

func7, func9, etc. denote specific library
functions we appended to fill the library size.

After training, each u(xi) is a sparse
combination of these library terms.
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Example Symbolic Expressions (SINDy)

Outputs from the final SINDy decoder:

Output 3:
0.0048 z1 + 0.0190 cos(0.0000 z2)

Output 7:

0.0034 z21 + 0.0622 cos(0.0000 z2) + 0.0010 func9(z)

Output 11:

0.0389 z1 + 0.0373 z2 + 0.1785 cos(0.0000 z2) + 0.0054 func7(z)

Many coefficients are zero, leaving these dominant
terms.
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Interpretability of Symbolic Expressions

Each spatial output u(xi) expressed as a sparse
function of (z1, z2).

Decoder relies on small-frequency
trigonometric components.

Some expressions include polynomial terms
like z21 , z

2
2 , or cross terms func7(z) → indicates

nonlinear interactions in latent space.
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Interpretability of Symbolic Expressions

Interpretation: The PDE solution manifold is
captured by a small set of basis functions in
latent coordinates.

Caution: We get a separate expression per
xi , so interpretability is partial. Next steps
might treat x explicitly in the library.
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SINDy Results: Training Loss

Loss Evolution over 10,000 epochs:

Figure: Training loss evolution for the symbolic decoder, including both MSE and L1 penalty. [5]

Giulio Carpi Lapi & Abdou Wade Symbolic Regression Project M2 CSMI 19 / 25



SINDy Results: Reconstruction Plots

Figure: Ground truth (blue) vs. SINDy reconstruction (red). [6]
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SINDy Results: Reconstruction Plots

Figure: Ground truth (blue) vs. SINDy reconstruction (red). [7]
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SINDy Results: Reconstruction Plots

Figure: Ground truth (blue) vs. SINDy reconstruction (red). [8]
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Prospects

Higher-Dimensional PDEs: Convolutional
autoencoders with Conv2d/Conv3d.

Library Engineering: Tailor symbolic library
to PDE physics.
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Conclusion

Combined convolutional autoencoder for
nonlinear dimension reduction with SINDy for
symbolic decoding.

Achieved both efficiency and interpretability
for 1D advection-diffusion PDE.

Future work: extension to multi-dimensional
PDEs, refined library design, real-time
parameter sweeps.

Giulio Carpi Lapi & Abdou Wade Symbolic Regression Project M2 CSMI 24 / 25



Thank you for your attention!

Questions?
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Fangcao Xu, Guido Cervone, Gabriele Franch, and Mark Salvador.
Multiple geometry atmospheric correction for image spectroscopy
using deep learning.
Journal of Applied Remote Sensing, 14(02):024518, 2020.
Figure: autoencoder-CNN-structure.png taken from this paper.

Giulio Carpi Lapi and Abdou Wade.
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Giulio Carpi Lapi and Abdou Wade.
Generated plot of the autoencoder reconstruction.
Generated using Python and Matplotlib, 2025.

Giulio Carpi Lapi and Abdou Wade.
Generated plot of the loss evolution of the sindy decoder over
epochs.
Generated using Python and Matplotlib, 2025.
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Generated plot of the symbolic decoder’s reconstruction.
Generated using Python and Matplotlib, 2025.
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Generated plot of the symbolic decoder’s reconstruction.
Generated using Python and Matplotlib, 2025.
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Generated plot of the symbolic decoder’s reconstruction.
Generated using Python and Matplotlib, 2025.
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Generated plot of gaussian curves with different values for µ0 and σ2
0

as initial conditions.
Generated using Python and Matplotlib, 2024.
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Generated plot of the autoencoder reconstruction.
Generated using Python and Matplotlib, 2025.
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Generated plot of the autoencoder reconstruction.
Generated using Python and Matplotlib, 2025.
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